
Divisibility I n T h e I n t e g e r s

Recalls t h e i n t e g e r s 2 c o n s i s t o f

a l l e l e m e n t s o f 1 N along

w i t h O a n d t h e nega t i ve s

o f e l e m e n t s o f 1 N .



facts Ab o u t t h e I n t e g e r s

1 ) J u s t l i k e S n , F a binary

operation t : 2 × 2 → 12,

i . e .
,
t h e s u m o f a n y t w o

i n t e g e r s i s a n i n t e g e r .

2 ) T h e e l e m e n t 0 functions l ike

e f o r S n
,

i n t h a t

n t o = o t n = n
H N E Z .



3 ) Much l i k e i n v e r s e s i n Sn,

N t l - n ) = l - n ) t n = 0 ,

s o e v e r y N E Z has a n

add i t i ve i n v e r s e .

4 ) Add i t i o n i s a s s o c i a t i v e .

B u t u n l i k e S n . . .

5 ) F a second b ina ry operation

• : 2 × 2 → 2 .



6 ) mul t ip l i ca t ion o n 2 is associative

7 ) Y K, m i n e 2 ,

K . (mtn) = K a m t k - n

(h tm) . n = K - n t m e n

w i t h properties 1 ) - 7 ) , 2

i s a n example o f a r ing .



We h a v e m o r e properties...

8 ) Add i t i o n a n d mult ip l icat ion

a r e commutat ive: I f n ,mE2,

h t m = m t n a n d n - m e n . n

9 ) F a n i den t i t y e l emen t f o r

m u l t i p l i c a t i o n , n ame l y, t h e

n u m b e r 1 : 1. h e n . I = n

F N E Z .

N o t e : multiplicative inverses fo r elements

o f 2 a r e a l m o s t n e v e r i n TL.



De f i n i t i o n : (divisibility) L e t m , n E 2 .

W e s a y t h a t m d i v i des

n ,
w r i t t e n "m ln",

i f I q E E (the quotient

w h e n d i v i d i n g n by m )

s u c h t h a t

I n t r n t l



Preposition: (elementary divis ibi l i ty results)

L e t n , n , K , a ,
b E 2

.

1 ) I f a . b = / ,
t h e n either

a = b = I o r
a = b = - I .

2 ) I f a l b a n d b l a ,

t h e n a = I b .

3 ) I f m l n a n d n t h
,

t h e n m I k .



4 ) I f n I m and n t h ,

t h e n i f a n e l emen t

i n 2 h a s t h e fo rm

a m t b h , t h e n n

d i v i d e s t h i s e l ement .

proof's N o t e t h a t , t o n E Z ,

O - m = (Oto)-n

o - m = O -M t -O -M .

Subtract ing 0 a m from b o t h

s i d e s , w e o b t a i n t h a t

O m i O .



Therefore, n e i t h e r a n o r b

c a n b e z e r o . I f w e

cons ider the c a s e whe r e

b o t h a a n d a n d b a r e

positive, t h e n

l z a . b z m a x { a ,b3? I

⇒ a = L - b .

s im i l a r l y,

I = a . b ⇒ l a b 1=1

s o l a t '161=1 ⇒ l a t e 1 4= 1 .



T h e r e f o r e e i t h e r

a = b = l o r a = b = - l .

2 ) I f a l b , then F s e t ,

b i a s ,
a n d i f b l a ,

I T E Z w i t h a = b t .

T h e n subst i tut ing,

b -- a - s - C b t ) s , and

s u b t r a c t i n g ,

b - C b t ) - 5 = 0



factoring o u t b ,

b ( l o t s ) = 0 .

T h e r e f o r e , e i t h e r

b -- O

o r

1 - t s = 0 .

I f b i o ,
t h e n

a = b i t = o - t : O .

I f l - t s - o , t h e n

t = I l , s o



e i t h e r a : b o r a = - b .

3 ) I f m l n a n d n l k ,

then F in tege rs s , t w i t h

n = s - m a n d k = t i n .

B u t t h e n subst i tut ing,

K i t - ( s -m ) = ft's)-n

⇒ m l k .



4 ) I f n I m a n d n l k ,

t hen I s i t E Z ,

m i s h and k i t h .

We w a n t t o s h o w t h a t

n d i v i d e s a m
t b h

f o r a n y a , b
E 12 .

B u t

a m t b h = a Csn)tbCtn)

= ( a s ) n H s t ) n

= Cas t b t ) n



s i n c e a s t b t E Z , w e h a v e

t h a t n l (am t b h ) .

D



Def in i t ion : (pr ime / composite) L e t pE/N.

W e s a y p i s prime

i f wh e n eve r p = m a n

w i t h n , n E I N , e i t h e r

m = l a n d n i p o r n = 1 a n d

m = p . A n e l e m e n t K E I N

i s called composite i f

K i s n o t prime.



Proposition : ( Ya o f t h e Fundamental Th e o rem

o f A r i thmet i c )

I f n E I N ,
n > l ,

t h e n n i s e i t he r prime

o r a product o f primes.

proof'. We proceed v i a i n d u c t i o n .

I f n = 2 , t h e n n i s prime!

N o w l e t n > 2 a n d suppose

t h e r e s u l t i s t r u e f o r a l l

K E I N , 2 £ K L n .



(Imagine 21,538,621,979 -n)

T h e n e i t h e r n i s pr ime, i n w h i c h

c a s e w e a r e d o n e , o r n i s

composite. I f n i s composite,

n = m t w i t h 1 L m c a

1 L t c h . Using o u r
a n d

i n d u c t i v e hypothesis,
b o t h

m a n d t m a y be expressed

a s a product o f prime numbers .

Therefore, n m a y b e expressed

a s a product o f prime numbers .

A


